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Abstract

This paper studies the forward premium puzzle in a model with imperfect information. The model predicts fixed effects and conditional
heteroskedasticity in the forward premium regression and provides a rationale for the evidence in Mayfield and Murphy [Mayfield, E.S., Murphy,
R.G. 1992. Interest rate parity and the exchange risk premium, Economics Letters 40, 319–324].
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1. Introduction

The forward premium puzzle is the empirical finding that the
forward exchange rate is a biased predictor of the future spot
exchange rate.1 Numerous studies have attempted, with limited
success, to produce models in which this forward bias is a
consequence of risk premia in exchange rate markets. This
paper examines the implications for the forward premium of
assuming that private agents have imperfect information about
the shocks that buffet the economy.

A simple example of an economy in which there is a signal
extraction problem is one in which shocks to monetary policy
follow a moving average process whose innovations are not
publicly observed. This example, which I study in detail, has
implications that are qualitatively similar to a more general
setting in which there are signal extraction problems with
respect to other variables (e.g. dividend flows, government
spending) or in which there are interactions between monetary
1 For a survey see Engel (1996).
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policy at home and abroad that are imperfectly observed. It is
also a realistic assumption as I discuss below.

The main theoretical result of the paper is that the information
structure of the model implies conditionally heteroskedastic
forecast errors and fixed time- and country-effects in the forward
premium regression. These features arise exclusively due to the
signal extraction problem and do not require the existence of a
positive risk premium. This result provides a rationale for the
empirical findings in Mayfield and Murphy (1992), where it is
shown that introducing time- and country-fixed effects elim-
inates most of the forward premium bias. Mayfield and Murphy
(1992) justify introducing fixed time- and country-effects in the
forward premium regression with the existence of a time-varying
risk premium. The present paper provides an alternative
explanation that does not rely on fluctuations in risk.

The paper is organized as follows. Section II outlines the
theoretical model. Section III presents some results concerning
the signal extraction problem, and discusses the theoretical
implications of the model for the forward premium regression.
Section VI concludes.

2. The model

I use the two-country model with national currencies of
Lucas (1982) augmented to incorporate imperfect information
about the economy's underlying shocks. This model is the work
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horse of the literature on time-varying exchange rate risk
premia, which facilitates the comparison of my results with
previous work. The basic elements of the model are well known
so I omit the description of the problems solved by each of the
two representative agents to conserve on space and notation.

From the Lucas model I borrow the pricing formulas for the
depreciation rate occurring at time t+1, dst+1, and for the
forward premium, fpt, associated with a contract maturing at
time t+1.2 In the perfect pooling equilibrium of the model these
are given by the expressions:

fpt ¼ ln½Etðl1�γ
YMtþ1

l�1
Mtþ1Þ�1Etðl1�d

YNtþ1
l�1
Ntþ1Þ� ð1Þ

dstþ1 ¼ ln½ðl1�γ
YMtþ1

l�1
Mtþ1Þ�1l1�d

YNtþ1
l�1
Ntþ1�: ð2Þ

Here, exchange rates are measured in units of domestic
currency per units of foreign currency and a positive dst+1 is a
depreciation of the domestic currency. The variables of the
domestic country are indexed by M, and those of the foreign
country by N. Momentary utility is assumed to be separable in
the domestic and foreign good, and to display constant relative
risk aversion, with γ and δ being the coefficients of relative risk
aversion associated with each good. The variables μYi

, and μi
are the gross growth rates of output and money in country i and
Et is the time t expectation operator.

For simplicity of presentation I restrict attention to the case in
which μM and μN are stochastic and assume that output is
constant (μYi

=1) and set γ=δ=0. The later simplification helps
to make clear that the results do not rely on the existence of a
risk premium.

Money growth is subject to both persistent shocks (with an
innovation ϵi) and to transitory shocks (νi). Transitory shocks to
country i's money supply do not affect (but may be correlated
with) country j's current money growth. Country j's money
supply can potentially respond to persistent disturbances to
money growth in country i. The process describing money
creation in country M is:

lnlMt ¼ lnlM þ hM0ϵMt þ hM1ϵMt�1 þ hM2ϵMt�2 þ mMt; ð3Þ
where lnμM is the mean growth rate of money. I assume that
country N follows a similar monetary policy rule. This money
growth rule is motivated by the work of Christiano et al. (1998).
These authors argue that the stochastic processes for the growth
rates of the monetary base and M1 for the US can be well
approximated by moving averages of order 2. The leading
assumption of the paper is:

Assumption. The shocks ϵit,νit cannot be perfectly inferred
from the signals μit, i=M,N. Except for the shocks ϵit,νit, all
other information is common knowledge.

Under the stated assumption the representative agent infers
the underlying shocks ϵit,νit, from the sequence of signals
2 See Lucas' eq. (4.5) for the nominal exchange rate, and eqs. (4.17) and
(4.18) for the nominal interest rates, and the fact that covered interest parity
holds in this model.
{μjs}s=1
t . Since information is symmetric all private agents

receive the same signals, and use the same information to
update the conditional distribution function needed to evaluate
Eq. (1). Attesting to the plausibility of the stated assumption are
the efforts of the empirical literature that tries to identify
monetary shocks (surveys to the literature include Canova,
1995; Leeper et al., 1996; and Christiano et al., 1999).

3. The signal extraction problem

In this section I show how agents construct and update their
conditional expectations given the assumption about informa-
tion. In deriving the conditional distribution of future growth
rates of money, agents use all the information available in a way
that is consistent with the rational expectations paradigm.

Agents filter information by means of the Kalman filter (the
discussion here draws on Hamilton, 1994, Chapter 13; and
Anderson and Moore, 1979). The Kalman filtering technique is
especially useful because of its recursive representation. To
obtain this recursive representation rewrite Eq. (3) with the
more general notation:

yt ¼ xþ H Vnt þ mt;

with

H V¼ hM0 hM1 hM2 0 0 0
0 0 0 hN0 hN1 hN2

� �
;

ntV¼ ϵMt ϵMt�1 ϵMt�2 ϵNt ϵNt�1 ϵNt�2½ �;

mtV¼ mMy mNt
� �

;

x ¼ lnlM
lnlN

� �
; yt ¼ lnlMt

lnlNt

� �

and

ntþ1 ¼ Fnt þ gtþ1;

gtþ1 ¼ ½ϵMtþ1 0 0 ϵNtþ1 0 0�V;

where F is defined implicitly and has all its eigenvalues inside
the unit circle, and primes denote transposition. The innovations in
the economy obey the following restrictions: (i) (νM,t+1, νN,t+1)∼
N(0, R), R is positive definite, and νt is uncorrelated with ντ,
τ≠ t; (ii) (ϵM,t+1, ϵN,t+1)∼N(0, Q̃), Q̃ is related to Q=E(ηtηt′) in
an obvious way, and ηt is uncorrelated with ητ, τ≠ t.

Let Ωt={(μj,i)i=1
t , j=M, N} be the information set at time t.

All relevant information to the agents as of time t is contained in
Ωt. The following system of equations gives the expectation of
yt+1 conditional on Ωt, denoted by ŷt+1|t:

ŷtþ1jt ¼ xþ H V̂ntþ1jt; ð4Þ

n̂tþ1jt ¼ F n̂tjt�1 þ FPtjt�1HðH VPtjt�1H þ RÞ�1ðyt � x

� H V̂ntjt�1Þ: ð5Þ
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The matrix Pt|t−1 is the conditional covariance matrix of the
forecast errors and is updated using the Riccati equation:

Ptþ1jt ¼ F Ptjt�1 � Ptjt�1HðH VPtjt�1H þ RÞ�1H VPtjt�1

h i
F V

þ Q:

ð6Þ
The initial conditions for this process are given by a positive

semi-definite symmetric matrix Pt0|t0−1 for some t0b t. Notice
that the sequence {Pt|t−1}t does not depend on any particular
realizations of the signals, but only on t− t0, and the fixed
matrices H, F, R, Q, and Pt0|t0−1.

3 It can be shown that the
forecast errors behave according to:

H Vntþ1jXtfNðH V̂ntþ1jt;H VPtþ1jtHÞ: ð7Þ

Under rational expectations, the forecast errors of yt+1, yt+1−
ŷt+1|t=H′(ξt+1− ξ̂ t+1|t)+νt+1, are uncorrelated over time.

Next I show the implications of the signal extraction problem
for the forward premium regression.

Proposition 1. The theoretical forward premium regression is:

dstþ1 ¼ ut þ fpt þ ftþ1; ð8Þ
where ζt+1= [1, −1](H′(ξt+1− ξ̂ t+1|t)+νt+1), with its implied
conditional probability density function obtained from Eq. (7),
ut ¼ 1

2 ðr2Mt � r2NtÞ, and σMt
2 , and σNt

2 , are the first and second

diagonal elements of H′Pt+1|tH+R respectively.

Proof. From Eq. (7) write

lnlMtþ1jXtfN lnlMtþ1jt; r
2
Mt

� �
;

with lnμMt+1|t=lnμM+[1 0]H′ξ̂t+1|t, and σMt
2 =[1 0](H′Pt+1|tH+R)

[1 0]′, and similarly for lnμNt+1. Thus,

fpt ¼ lnlMtþ1jt � lnlNtþ1jt �
1
2
r2Mt þ

1
2
r2Nt

¼ lnlM � lnlN þ ½1;�1�H V̂ntþ1jt �
1
2
r2Mt þ

1
2
r2Nt

and

dst þ 1 ¼ lnlMtþ1 � lnlNtþ1

¼ lnlM � lnlN þ ½1;�1�ðH Vntþ1 þ mtþ1Þ
using Eq. (3). Combining these expressions, Eq. (1) becomes:

dstþ1 ¼ 1
2
ðr2Mt � r2NtÞ þ fpt þ ½1;�1�ðH Vðnt þ 1� n̂tþ1jtÞ

þ mtþ1Þ;
proving the result. □
3 Hamilton (1994, Proposition 13.2) shows that the sequence {Pt|t−1}t=t0
∞ has a

unique limit P, which is positive definite, and for any real vector a, a′Pt|t−1a↓a′Pa.
The forward premium regression contains a deterministic
sequence (φt)which could in principle be a highly non-linear
function of time. This deterministic sequence is also a
function of variables that relate to the country-pair being
considered. For correctness φt should read φtNM, but the
subscripts that identify the country pair are omitted for
simplicity.

The absence of perfect information justifies the presence of
the time- and country-fixed effects φt in the forward premium
regression. Recall that agents are assumed to be risk neutral. On
the other hand, if it weren't for the signal extraction problems
the matrix Pt|t-1=H′QH and hence σMt

2 , and σNt
2 would be

constant over time. Further, note that φt is constant if the steady
state of the Kalman filter P has been achieved. However, φt

would not reach the steady state and would still be a
deterministic function of time in a more general model with
non-anticipated regime switches which occur at finite dates and
are known to agents perfectly once they occur as it would be
the case, for example, every time the chairman of the monetary
authority changes.

As indicated above this result provides a rational for the
exercise presented in Mayfield and Murphy (1992) that
shows a much smaller forward premium bias once country-
and time-fixed effects are introduced in the forward premium
regression.

Second, the omission of φt from the forward premium
regression could help explain the parameter instability of the
estimates of the slope of the forward premium that have been
reported in the literature. This parameter instability is best
documented by the wide variability of the estimates of the
coefficient associated with fpt in the forward premium
regression. Specific tests of parameter instability have also
been conducted. Bachman (1992) analyzes the effects of
political risk by examining the effects of election results on
the forward premium puzzle. He runs separate regressions for
each election and finds that for half of the elections in his
sample the hypothesis of coefficient stability is rejected. Bekaert
and Hodrick (1993) also show evidence of parameter instability
by estimating a model of multiple regime switching for the
bivariate system of the depreciation rate and the forward
premium.

A third prediction of the model is that the forecast errors in
the forward premium regression (Eq. (8)) display conditional
heteroskedasticity. This prediction has wide empirical support
(see, for example, Cumby and Obstfeld, 1984). This feature
follows immediately as a consequence of the Kalman filter and
does not hinge on explicitly assuming conditional heteroske-
dasticity in the driving stochastic processes of the economy—in
the model economy the conditional variance of the rate of
money growth is constant if the shocks ϵit,νit are public
information. Traditionally, conditional heteroskedasticity is the
outcome of imposing conditional heteroskedasticity in the
processes for money creation, output growth, or government
expenditures (see Domowitz and Hakkio, 1985; Hodrick, 1989;
and Canova and Marrinan, 1993). Obstfeld (1987) argues that
the peso problem can also give rise to conditional hetero-
skedasticity in the forecast errors.
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4. Conclusion

This paper examines the implications of modeling signal
extraction in the context of fixed monetary policy rules for the
analysis of the forward premium regression. The model predicts
that the forward premium regression should account for
country- and time-fixed effects, and, as suggested by vast
empirical evidence, for conditional heteroskedasticity of the
errors. These properties do not require a risk premium but rely
only on the transition dynamics of the Kalman filter.
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