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Abstract

This paper characterizes optimal currency hedging in several models of downside risk. We consider, in
turn, three models of hedging: (i) a firm that chooses its hedging policy in the presence of bankruptcy costs;
(ii) an all-equity firm that faces a convex tax schedule; and (iii) a firm whose manager is subject to loss
aversion. In all these models, and contrary to conventional wisdom, we show that forwards dominate
options as hedges of downside risk.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The globalization of goods and capital markets means that an increasing number of firms have
to make decisions about hedging their foreign exchange exposure. This need is aggravated by
extremely volatile foreign exchange markets. There is a large number of derivative securities,
including forward and options contracts that can be used to construct a hedging strategy. How do
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these instruments interact? And what is the optimal hedging policy? In this paper we provide
answers to these questions in several economic models of downside risk.

We focus the analysis on models of optimal hedging in the presence of downside risk. This is
for two reasons. First, industry surveys indicate that in designing their hedging policies CFO's
seek the selective elimination of risks, instead of the elimination of all risks as dictated by the
variance-minimizing framework.1 In fact, Stulz (1996) argues that this should be the “goal of
corporate risk management – namely, the elimination of costly lower-tail outcomes” (p. 8).2

Second, swings in exchange rates have normally been associated with very dramatic industry
turnover. Countries such as South Korea and Thailand have seen their banks become insolvent as
a result of currency devaluations that greatly increased the local currency value of their dollar
denominated liabilities. In the early 1980s some firms found themselves in financial distress for
not hedging against the strengthening of the dollar. A famous example discussed in Rawls and
Smithson (1993) is Laker Airlines. In September 1992 many European firms were affected by the
devaluations associated with the European Monetary Mechanism crisis. Hedging downside risk
would have helped banks and firms in these episodes stay financially afloat.

We start by discussing two standard models of downside risk that are consistent with value-
maximizing firms. First, we discuss a model of optimal hedging and capital structure choice in
which hedging is driven by the desirability to reduce expected bankruptcy costs. Second, we
analyze an all-equity, risk neutral firm that faces a piecewise linear convex tax schedule. This
model is then generalized to explicitly account for dynamic tax loss carry-forwards. Our third
model focuses on managerial loss aversion (Kahneman & Tversky, 1979; Tversky & Kahneman,
1992). All three models describe the excess sensitivity of a firm to low outcomes, and are
appropriate to studying hedging of downside risk. To simplify the analysis we study an
environment in which derivative contracts are priced by risk neutral agents, but involve
transactions costs.

The paper's main proposition is that, contrary to conventional wisdom,3 in all three models,
currency forwards are better hedges than options against downside risk. The proof of this result relies
on the fact that in efficient markets the net unit payoff of both derivative instruments must have the
same expected value. Suppose an exporting firm faces transactions exposure andwishes to eliminate
the downside risk associated with an abrupt rise on the value of the domestic currency.4 This
objective can be accomplished by transferring income from high profit states (those with domestic
currency depreciation) to low profit states (those with domestic currency appreciation). Because
forward contracts pay more than options on the downside (they also make bigger losses on the
upside), less currency needs to be sold forward to achieve the same degree of hedging. Thus, total
transactions costs paid using forwards must be smaller than those paid using options. This is true
even though we have assumed equal transactions costs per unit of foreign currency traded.

Section 2 develops the model with bankruptcy costs. Section 3 deals with the case of tax
convexity. Section 4 analyzes hedging when managers exhibit loss aversion. Section 5 presents
evidence on transactions costs for forwards and options and Section 6 presents the final remarks.
Appendices A and B contain proofs of results in Sections 2 and 3, respectively. Appendix C
1 Rawls and Smithson (1993) provide a summary of survey evidence on managerial hedging behavior.
2 For an analysis with time-varying downside risk see Lien and Tse (1998).
3 See Stulz (1996) for a discussion.
4 Transaction exposure reflects the changes in the domestic currency value of cash flows from existing contracts due to

changes in the exchange rate. In industry surveys, transaction exposure is typically referred to as the most important
reason to hedge (e.g. Millar, 1989; Jesswein, Kwok, & Folks, 1995). For a comparative study of currency hedging by
German and US corporations, see Bodnar and Gebhardt (1999).
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provides a discussion of the plausibility of the tax schedule used in Section 3 and of other tax
issues related with hedging.

2. Model with bankruptcy costs

A popular model of downside risk is one in which the firm faces bankruptcy costs when default
on debt obligations occurs. Smith and Stulz (1985) have shown that by hedging the firm is able to
reduce the likelihood of default by increasing the income it gets in the downside. This leads to
lower expected bankruptcy costs (possibly higher debt levels) and higher firm value.5

Consider an infinitely lived, all-equity firm with a fixed investment opportunity set and
production capacity that exports one unit of output per period. The value in domestic currency of
exports' profits is stochastic because of fluctuations in the exchange rate. The revenue from
exports denominated in foreign currency is determined one period in advance and normalized to
1. For simplicity of exposition, we assume that there are no costs associated with foreign sales. We
introduce production costs in the next section. Let s denote the exchange rate quoted as units of
domestic currency per unit of foreign currency. The exchange rate follows a first-order Markov
process and has bounded support: s∈ (0, s̄ ]. The behavior of s is described by the conditional
cumulative distribution function H. To focus on bankruptcy costs we assume a flat tax rate (τ) on
corporate profits.

2.1. Pricing of debt

The firm borrows one-period debt in local currency units.6 A debt contract is a pair (B,b),
where B is the face value of debt, and b is the market value of debt. Hence, B/b−1 is the interest
rate paid on debt. Bondholders are risk neutral and discount their future utility at rate r. If the firm
defaults, bondholders pay bankruptcy costs in the amount of α.7 This makes the level of
bankruptcy costs independent of hedging. This assumption is realistic since hedging contracts
typically have priority over debt contracts. Let primes denote next period's variables and Π be
total profits from operations and hedging (which is defined explicitly below). Firms are subject to
capital market frictions according to which they cannot borrow against future profits. Thus, the
firm defaults if and only if (1−τ)Π′bB. Under these assumptions the market value of debt is
given by the zero profit condition:

b ¼ 1
1þ r

Z s̄

0

min B;ð1−rÞj V
h i

Hðds V;sÞ−a 1
1þ r

Z
s V:ð1−sÞj VbB½ �

Hðds V;sÞ: ð1Þ

Eq. (1) says that the market value of debt is equal to the discounted value of the minimum
between the face value of debt and the firm's net-of-tax profits minus the expected bankruptcy
costs. To conform with the fiscal code, taxes have priority over debt claims. The interest rate on
debt commands a premium due to bankruptcy costs if the probability of default is positive.
5 Bessembinder (1991), Ross (1996), and Leland (1998) develop models of hedging in the presence of taxes and default
costs. Titman (1992) studies how debt maturity is affected by the possibility of buying interest rate swaps in a model of
asymmetric information.
6 Using covered interest parity we know that any debt contract denominated in foreign currency can be replicated with

a forward contract and a debt contract denominated in local currency units.
7 Several papers estimate the costs of financial distress. For example, Andrade and Kaplan (1998) estimate that 10% to

20% of firm value is lost in direct or indirect costs of financial distress.
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2.2. Forward and put options contracts

The firm can hedge its exchange rate risk using forward or options contracts. Both of these
contracts are priced by a risk neutral investor who faces transactions costs of ϕ units of local
currency per unit of foreign currency traded. Transactions costs are incurred in the period in which
the contract is traded.

This means that our firm can sell foreign currency forward at the (bid) rate:

f ¼ Esðs VÞ−/ð1þ rÞ; ð2Þ

where Es is the conditional expectations operator. The firm can buy one period put options with
exercise price s⁎ at a premium:

p ¼ 1
1þ r

Z s⁎

0
ðs⁎−s VÞHðds V;sÞ þ /: ð3Þ

For simplicity, the notation ignores the dependence of the options premium (p) on the strike price.
We consider only options with strike price s⁎b s̄, since an option with s⁎= s̄ is equivalent to a
forward contract. For future reference it is useful to note that the expected profits associated with
both a forward contract and an options contract is negative and equal to −ϕ(1+ r). The expected
value of a forward contract is:

Esð f −s VÞ ¼ −/ð1þ rÞ:

The expected value of an options contract (net of the ask price of the option) is:

Es maxðs⁎−s V;0Þ−pð1þ rÞ� � ¼ −/ð1þ rÞ:

2.3. Profits

Total profits from operations and hedging activities are:

j ¼ sþ xf ð f −sÞ þ x0 maxðs⁎−s;0Þ−px0ð1þ rÞ;
where px0 is the cost of the options purchased in the previous period.8

2.4. Optimal choice of hedging instruments

We now investigate whether the firm should combine forwards and options as part of its
hedging strategy or whether it should use a single hedging instrument. Without loss of generality
we assume that the firm uses a single type of option. Because of transactions costs it is never
optimal to combine options with different strike prices in this setting.9
8 To make the cash flows from options and forwards comparable we assume that the firm must borrow to purchase the
options. In order not to favor forwards, we assume that the firm can use risk free debt for this purpose.
9 In particular, a forward contract can be replicated with two options by put-call parity. However, the synthetic forward

produced in this way is dominated by the outright forward because transactions costs are doubled.
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Shareholders discount the firm's after-tax cash flow at interest rate r. Firms maximize the value
of equity. The choice of capital structure and hedging policies is simultaneous.10 For simplicity,
interest and principal payments benefit from a tax shield. This assumption does not affect our
qualitative results. The firm's problem is:

∼
V sð Þ ¼ max

Bz0; x0; xfa½0;1�
bþ 1

1þ r

Z
s V:ð1−rÞj Vz Bf g

ð1−sÞðj V−BÞ þ ∼
V ðs VÞ

h i
Hðds V;sÞ

( )
;

subject to (1). In this formulation the value of equity is given byV=(1−τ)(Π−B)+ Ṽ.We rule out the
possibility of gambling with derivative instruments (i.e., xf, x0b0, and xf, x0N1, are not allowed).

In the absence of debt, the probability of default is zero and hedging does not add value. The
following proposition characterizes optimal hedging for a levered firm.

Proposition 1. For any positive debt level, when bankruptcy costs are positive (αN0) and
transactions costs are positive (ϕN0) and identical for forwards and options, the optimal hedging
strategy relies solely on forward contracts (i.e. x0=0 and xf≥0).

Proof. Fix BN0. Suppose the firm chooses to default for values of the exchange rate lower than
Sd (hence, SdbB/(1−τ)). Thus, Sd determines the firm's optimal default probability and expected
bankruptcy costs for fixed B. How many forward contracts must the firm buy? This number is
given by setting (1−τ)Π=B, which, when forwards alone are used, becomes:

xf ½ f −Sd� þ Sd ¼ B=ð1−sÞ:
And how many options are needed for the same purpose? Obviously, the strike price needs to
satisfy s⁎≥Sd, otherwise the put option would be useless. This leads to:

x0 s⁎−Sd−pð1þ rÞ� �þ Sd ¼ B=ð1−sÞ:
For any level of debt B, strike price Sd≤ s⁎b s¯, and any default threshold that the firm chooses,
x0Nxf , since f N s⁎−p(1+ r).11 Therefore, the total transactions costs needed to achieve the same
benefit (i.e., savings in expected bankruptcy costs) are higher with options. The reason for this is
illustrated in Fig. 1. Both contracts share the same expected value (−ϕ(1+ r)), but forward
contracts have lower payoffs than options for high values of s. This means that forward contracts
must have higher payoffs than options for low values of s. These higher payoffs for low s mean
that we need fewer forward contracts than options contracts to achieve a certain level of hedging.
Thus, total transactions costs associated with hedging are always lower when forward contracts
are employed. Since the result was proved for any BN0, it also holds for the optimal B. □

These resulting runs counter the conventional wisdom that options are an ideal instrument to
hedge downside risk (see Stulz, 1996). Keeping a low default probability is the goal of the firm's
hedging strategy. To do this, hedging instruments must be bought, for which the firm incurs
transactions costs. This objective can be achieved by choosing options with an appropriately low
10 This timing assumption is usually nontrivial, in that it affects the amount of hedging done, but it does not affect the
choice of which hedging instruments to use. Shareholders may have an incentive to hedge less after debt is in place if the
only reason to hedge is to reduce the probability of default. The reason is that although hedging increases firm value it
also transfers wealth from shareholders to bondholders, hence potentially making the former reluctant to pursue hedging
policies ex-post (see Smith and Stulz, 1985).
11

To see this last step note that d
ds⁎ ½s⁎−ð1þ rÞp� ¼ 1−Hðs⁎ÞN0, and f=s⁎−(1+r), when s⁎ = s̄ .



Fig. 1. The payoff on forward and options.
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strike price. First, these options are cheap since they are unlikely to be exercised. Second, the
options payoff has a non-linear shape that can exactly off-set the one-sided risk the firm faces
(given an appropriate strike price). Why is hedging with cheap options not optimal? This is
because a low price just means that it is more difficult to transfer income across states of nature.

It is important to note that this result holds very generally and also that we have taken the
conservative view that transactions costs are identical for forwards and options (see Section 5).

We can extend this result to a comparison of two currency put options with different strike prices.
Contrary to conventional wisdom, expected profits are lower when hedging is implemented with
cheaper options. Under our assumptions, all options have the same transactions costs. Because cheaper
options have lower payoffs in low states, a higher number of these options is required to achieve a
given level of hedging (however, see Section 5 for empirical measures of options transactions costs).

2.5. Optimal hedge ratio and debt choice

Setting x0=0, the first-order necessary conditions for interior solutions on x0 and B are:

aþ sBþ ∼
V ðSdÞ

� �
−

A

Axf

Z Sd

0
Hðds V; sÞ

� �
¼ ð1− sÞ/ð1þ rÞ; ð4Þ

and

s
Z s̄

Sd

Hðds V;sÞ ¼ aþ sBþ ∼
V ðSdÞ

� �
A

AB

Z Sd

0
Hðds V;sÞ

� �
;

where the default threshold is determined by (1−τ)Π(Sd)=B. The first of these conditions equates
the marginal benefit from hedging, obtained through a reduction in the default probability
Pr½ð1−sÞjbB� ¼ R Sd

0 Hðds V;sÞ
� �

, to the marginal cost resulting from transactions costs. The second
condition says that the firm's optimal debt policy trades-off the expected tax benefit of debt
(conditional on not defaulting) against the marginal cost of debt, which arises due to the increased
likelihood of paying the bankruptcy costs, the lost tax shield, and continuation value upon default.12
12 Mello and Parsons (2000) also argue that the use of different instruments (in their case forwards and futures) may
trigger specific debt covenants. We ignore such issues here.
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If f−B/(1−τ)≥0, the firm is able to pay its debt always if it hedges 100% of its exposure. In
this case, an increase in the hedge ratio lowers the default probability and makes hedging
valuable. If f−B/(1−τ)b0, an increase in the hedge ratio raises the default probability, and no
hedging is done (i.e. xf =0).

Letting f−B/(1−τ)≥0, we can investigate the impact of bankruptcy costs (α) on debt and
hedging. For simplicity, consider the case in which s is iid and h(s) is uniform. All the compu-
tations are provided in Appendix A. In this model, hedging decreases when bankruptcy costs
increase. Intuitively, marginal costs of hedging are constant with respect to both the level of
hedging and bankruptcy costs. Therefore, an increase in α that increases the marginal benefit of
hedging (holding debt constant), must be compensated by a reduction in hedging to keep the
marginal benefits constant. This reduction in hedging is optimal as it saves in hedging costs. On the
other hand the impact of higher bankruptcy costs on debt is ambiguous. There is a direct negative
impact, but there is also an indirect effect because less hedging is done. This is a somewhat
unforeseen possibility that is also present in other models of capital structure and risk management
(e.g. Leland, 1998).

3. Tax convexity

3.1. A reduced form model of tax benefits of hedging

In this subsection we eliminate the debt choice and bankruptcy costs in order to focus on
optimal hedging under tax convexity.13 To introduce a simple motive for hedging we assume that
the firm faces the following tax schedule:

TðjÞ ¼
s1j;j N 0
s2;j;jV 0
s2bs1

:

8<
: ð5Þ

Appendix C provides a discussion of fiscal issues related to hedging, and suggests that this is a
reasonable representation of the US corporate tax schedule. In the next subsection we present a
more general model of hedging with optimal dynamic tax loss carry-forwards.

As before, Π represents the firm's total profits, including any losses or gains from hedging
activities.14 In this section and the next we assume that there is a cost associated with foreign sales
of c units of domestic currency. With the elimination of debt, this is required so that profits can be
negative. Total profits from operations and hedging activities are now given by:

j ¼ s−cþ xf ð f −sÞ þ x0 maxðs⁎−s;0Þ−px0ð1þ rÞ: ð6Þ
According to the tax schedule T(.) the firm receives a tax rebate when its profits are negative.
However, the tax rate on positive profits is higher than the rebate tax rate. To simplifywe assume that
profits on exports are treated as domestic income and are taxed only in the country of residence.
Thus, there is no double taxation of profits.
13 Lien and Metz (2000) analyze the futures hedging decision with downside risk and asymmetric taxation.
14 Notice that for tax purposes the firm is only allowed to deduct p, the option's premium at historical values, in
computing its taxable income. In practice, this feature of the tax schedule places the option at a disadvantage with respect
to forwards. This disadvantage can be eliminated by financing the option with risk free debt. The tax benefits associated
with debt financing exactly cancel the tax loss implicit in ignoring the time value of money when deducting the option
price at book values.
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3.1.1. Optimal choice of hedging instruments
What combination of hedging instruments is better, if any?15 Firm value conditional on the

current level of the exchange rate (s) and hedging policy is:

V ðxf ; x0; s⁎; sÞ ¼ max
x V
f ;x

V
0;s

⁎z0
j−T jð Þ þ 1

1þ r
EsV x Vf ; x

V
0; s

⁎; s V
� �� 	

:

It is easy to show that if profits are always positive, or τ1=τ2, it is optimal not to hedge
(xf =x0=0). In this case hedging brings no benefits. Since there are transactions costs associated
with derivative contracts (ϕN0) the expected profits from hedging are negative.

Let us consider the case in which hedging carries benefits. This requires τ2bτ1 (so losses are
treated asymmetrically from profits), and a positive probability that losses will be incurred. The
following proposition characterizes optimal hedging.

Proposition 2. If the tax schedule is convex, τ1Nτ2, and transactions costs are positive (ϕN0)
and identical for forwards and options, the optimal hedging strategy relies solely on forward
contracts: x0=0, xf ≥0. When the exchange rate follows a stationary AR(1) process with positive
persistence, there is a region of inaction in which xf =0. The forward hedge behaves non-
monotonically with the exchange rate:

dxf
ds

z 0; f − c b 0
V 0; f − c N 0

:




Proof. Suppose that the firm decides to hedge so that it restricts losses for values of the exchange
rate below S (for any Sbc). How many forward contracts would be necessary to achieve this
objective? The answer is given by the equation:

xf ð f −SÞ þ S−c ¼ 0:

How can we achieve the same objective with options? Obviously, we have to choose a strike price
s⁎NS so that the option has a positive payoff when s=S. In addition, the number of options
purchased must be such that the realized profits for s=S are zero:

x0 s⁎−S−pð1þ rÞ� �þ S−c ¼ 0:

Using (2) and (3) it is easy to show that f−SNs⁎−S−p(1+ r), which implies that xf b x0. (Recall
Footnote 11.) This means that the cost of achieving an arbitrary level of hedging is always lower
with forward contracts than with options. We provide the proof of the second part of the
proposition in Appendix B. □

As before, this result runs counter the common perception that options are an ideal instrument
to hedge downside risk. The intuition is similar to the case with bankruptcy costs. The presence of
tax convexity makes it desirable for the firm to avoid making losses. Because forward contracts
pay more than options on the downside (they also make bigger losses on the upside), less currency
needs to be sold forward to achieve the same degree of hedging. Thus, total transactions costs paid
using forwards must be smaller than those paid using options.
15 Proposition 2 holds if instead we allow the firm to write a call option on its export revenue. Though selling a call
might seem more appropriate to hedge tax risk, it still does not provide the kind of downside profit that the forward is
able to provide.
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3.1.2. Optimal hedge ratio
Now that we have determined that it is optimal to set x0=0, we can find the optimal value of xf.

The first-order condition for an interior solution to this problem can be written as:

/ð1þ rÞð1− s1Þ ¼ ðs1− s2Þ
Z

s V:j V 0f g
ð f −s VÞHðds V; sÞ: ð7Þ

The left-hand side of this equation is the marginal cost (net of taxes) of entering into an additional
forward contract. The marginal benefit corresponds to the income that is transferred by the
forward contract from high tax rate states (those with positive profits) to low tax states.

Proposition 2 shows that the effect of an increase in the exchange rate on the dynamic forward
hedge depends on the magnitude of the current exchange rate. When the exchange rate is high
(and the exchange rate has positive serial correlation), an increase in s produces high future
expected exchange rates and hence reduces the probability of having negative profits. As the
benefit from hedging is reduced so is xf . When the exchange rate is low, a marginal increase in s
raises the marginal benefit from hedging, and hence xf .

For some values of the current exchange rate (s) the optimal hedging strategy is to leave the
exposure uncovered: xf = 0. When the exchange rate is sufficiently low, the probability of
having negative profits next period is too high (with positive serial correlation) and the firm
faces almost no tax convexity. When the exchange rate is high enough, the likelihood of positive
profits next period is high and the convexity of the tax schedule also disappears. Thus, even
though there are no fixed costs of implementing a hedging program it may be optimal not to
hedge. This band of inaction may account for the large percentage of survey respondents that
say that they do not hedge because of the reduced significance of their exposures. It may also
account for the usual policies of selectively hedging perceived exposures. This effect is
exacerbated in cross sectional studies undertaken after periods of high dollar depreciation (when
profits from exports are highest).

We prove in Appendix B that the optimal hedge ratio, xf , is non-monotonic both with respect to
costs of exports (c) and to the transactions cost parameter (ϕ). An increase in c produces two effects.
An increase in c increases the set of negative profit states, thus making hedging more desirable.
However, when c is very high the benefits of hedging decline because profits are low, and thus there is
not much income that can be transferred to negative profit states to reduce the taxes paid by the firm.

The optimal hedge is generally not monotonic in transactions costs for f−cN0 (this is the
interesting case since the firm has positive profits if it fully hedges its exposure). An increase
in ϕ increases the marginal cost of hedging, hence lowering the hedge ratio. However, because
the forward bid rate decreases with transaction costs a higher hedge ratio is needed to keep a
low probability of negative profits. The net effect is ambiguous. This ambiguity disappears
when f−cb0 where the second effect is eliminated.

3.2. An explicit model of tax loss carry-forwards

Here we generalize the analysis of the previous subsection to explicitly model tax loss carry-
forwards. As before, we allow for stationary, serially correlated exchange rate processes.

Without loss we assume the firm can carry losses forward indefinitely.16 Let the tax schedule
be given by T (Π(st)−Lt−1)=τ (Π(st)−Lt−1)+, where Lt−1 is the tax loss carry-forward at the
16 Imposing finite carry-forward of losses limits the usefulness of options even more since with options it is more likely
that some of the losses will never be used to offset gains.
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beginning of fiscal year t, and the notation (X )+ =X if X ≥0 and X=0 otherwise. The law of
motion of the carry-forwards is Lt=(Lt−1−Π(st))

+.
Consider hedging with forward contracts only. A firm with tax loss carry-forwards of Lt −1≥0,

current hedge ratio of 100xt−1%, and level of exchange rate st solves:

V ðxt−1; Lt−1; stÞ ¼ max
xt ;Lt

jðstÞ−T jðstÞ−Lt−1ð Þ þ 1
1þ r

EsV xt; Lt; stþ1ð Þ
� 	

:

If Lt=0 then no hedging is done. The first-order necessary condition when LtN0 is (after some
simplifications):

/ð1−sÞð1þ rÞ þ 1
1þ r

Z
jðstþ1Þ−Ltb0f g

VL xtþ1;Ltþ1; stþ1ð Þð ftþ1−stþ1ÞHðdstþ1;stÞ

¼ s
Z

jðstþ1Þ−Ltb0f g
ftþ1−stþ1ð ÞH dstþ1; stð Þ;

with

VL xt−1; Lt−1; stð Þ ¼ s1 jðstÞ−Lt−1z0ð Þ þ
1

1þ r
1 jðstÞ−Lt−1b0ð ÞEsVL xt; Lt; stþ1ð Þ; ð8Þ

where VL(.) is the partial derivative of the value function with respect to L (the marginal value of
tax loss carry-forwards), and 1(ω) is an indicator function taking the value of 1 if the event ω is
true and zero otherwise. The first term on the left-hand-side and the term on the right-hand-side
are the same as in Eq. (7) above. There is a new term: it characterizes the value of postponing the
exercise of the carry-forwards. Rewrite the first-order condition as:

/ð1−sÞ ¼ 1
1þ r

Z
jðstþ1Þ−Ltb0f g

s−
1

1þ r
VL xtþ1; Ltþ1; stþ1ð Þ

� 	
ftþ1−stþ1ð ÞH dstþ1; stð Þ: ð9Þ

Condition (9) is very similar to the one we have derived in the main text for the reduced form tax
schedule (Eq. (7)). Using (8) it is easy to see that VL(xt+1, Lt +1; st +1)≤τ. Intuitively, postponing
the tax shield from the tax loss carry-forward cannot yield a greater benefit than using the tax
shield today when interest rates are positive.

Consider now the choice between forwards and options. Since with forwards the firm achieves
the largest reduction in tax loss carry-forwards today, the firm is better off by doing so than
postponing the realization of the tax shield, which the option does in greater proportion. Thus,
forwards dominate options.

4. Loss aversion

Loss aversion plays a central role in the prospect theory developed in Kahneman and Tversky
(1979) and Tversky and Kahneman (1992). Loss aversion describes the excess sensitivity of a
firm to low outcomes. While there are many mathematical formulations for loss aversion, here we
focus on a simple version where the firm's manager's utility function displays a kink. This leads
to risk neutrality with respect to profits' volatility above a certain threshold and risk aversion for
volatility of outcomes below that threshold. Thus, the model is appropriate to studying hedging of
downside risk, i.e. the elimination of these undesirable outcomes.17
17 See Lien (2001) for an analysis of futures hedging under loss aversion.
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Let manager's compensation be a linear function of profits. The lifetime utility of the firm's
manager can be written as:

U xf ; x0; s
⁎; s

� � ¼ max
x V
f ;x

V
0z0

u jð Þ þ 1
1þ r

EsU x Vf ; x
V
0; s

⁎; s
� �� 	

;

where the utility function u is given by:

uðjÞ ¼ j;j N 0
kj;jV 0

:



ð10Þ

and Π is given by (6). The parameter λN1 measures the degree of loss aversion (e.g. Benartzi &
Thaler, 1995), which refers to the psychological tendency to be more sensitive to low outcomes
than to high ones. Note that the same formulation is valid for a different threshold level, in which
case profits (Π) would have to be adjusted accordingly.

With this in mind we refer to negative profits as the firm's downside.
It is now obvious that the model of a risk neutral firm that maximizes its value while facing the

tax structure (5), presented in Section 3, is formally equivalent to the model with loss aversion if
one sets λ=(1−τ2) / (1−τ1)N1.

5. Empirical evidence on transactions costs

In the model, transactions costs on forwards and options are equal, proportional to the amount
traded, and constant across strike prices. This section shows that we have taken a conservative
view of identical transactions costs for forwards and options in favor of options, independently of
the strike price. Thus, our results are robust to modeling transactions costs on options that change
with the strike price (which is a better description of the data) once we account for higher options
transactions costs.

We analyze data on transactions costs for American options and forwards for three exchange
rates: the Yen/US$, Euro/US$, and BP/US$. The contract size is 10,000 BP and Euros, and
1,000,000 Yen. The data was collected from March/31/99 to May/27/99. There are 20 trading
days with price quotes in the sample, and as many observations per business day as there are
traded strike prices for 3- and 6-month options contracts. Bid and ask spreads were obtained
from Bank One for forward rates, and from the Philadelphia Stock Exchange for put options.
These quotes are roughly at the same time of day, and measure only the cost of establishing a
position.

Fig. 2 plots the annualized transactions costs for 3-month put options, in excess of that for
forwards, measured in basis points for the three currencies considered. Fig. 3 reproduces the
annualized excess transactions costs for 6-month contracts.18 Average annualized transactions
costs for 3-month forward contracts are roughly 30 basis points across the currencies, with a
minimum of 8.5 BP and a maximum of 40.8 BP. Since transactions costs are measured by the bid-
ask spread, these numbers compare to the theoretical value of 2ϕ(1+ r). To get a sense of these
numbers, a firm buying a one year put option for 1,000,000 BP would pay 1000 pounds over the
forward in transactions costs alone (half spread, or ϕ).
18 There are no put options on the Euro at 6 months due to absence of trades in the sample. Note that the illiquidity of
these contracts is also an obvious cost to them.



Fig. 2. Excess transactions costs for Sterling, the Yen, and Euro on 3-month contracts.
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Fig. 3. Excess transactions costs for Sterling and Yen on 6-month contracts.
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The evidence collected in these figures says that options transactions costs are higher at any
traded strike price, and that transactions costs vary with moneyness of the options.19 These
findings broadly suggest that besides the mechanism that we develop, according to which
forwards are better hedges of downside risk for identical costs, the difference in transactions costs
is another reason to hedge with forwards.

6. Final remarks

We have analyzed several models of optimal currency hedging of downside risks. Two of the
models consider value maximizing firms that either face (i) bankruptcy costs, or (ii) a piece-
wise linear convex tax schedule. The third model focuses on loss aversion, which makes the
19 Further out-of-the-money options have even larger bid-ask spreads due to, for example, thin markets.
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manager more sensitive towards low outcomes, hence more willing to hedge against downside
risks.

The main contribution of the paper is to highlight the type of derivative contracts whose
payoff structure produces a better hedge against downside risk. In particular, we show that
forward contracts dominate options as hedges of transactions exposure when the firm is
concerned with downside risks. The main reason for this is the forward's ability to transfer
income across states of nature, concentrating the payments on the firm's downside. Thus, a
smaller hedge ratio is required, and less costly is risk management.

A preliminary analysis of hedging downside risk in the presence of tax convexities reveals
that there are significant non-linearities in hedging behavior. These non-linearities include
zones of inaction and non-monotonicity in the relation between hedge ratios and exchange
rates. Inaction, or zero hedging, can account for the usual policies of selectively hedging
perceived exposures. Also, it is likely that this effect is exacerbated in cross sectional studies/
surveys undertaken after periods of high dollar depreciation (when profits from exports are
highest).

Indirect evidence from industry survey studies suggests that forwards are more widely
used as hedging derivatives than options. Rawls and Smithson (1993) compare several
surveys regarding the question of what instruments firms use to hedge their foreign exchange
exposure. In Millar (1989), 99% of the respondents indicate that they have used forwards
whereas only 48% say they have used options (see also Bodnar & Gebhardt, 1999; Jesswein
et al., 1995). Direct evidence from the gold mining industry indicates that roughly 70% of
hedging is done with forward contracts (Adam, 2002). Of course, this evidence does not
necessarily provide a conclusive test of our results for two main reasons. First, risk
management strategies need not be based on a desire to eliminate downside risk, or may
relate to other forms of exchange rate exposure. Second, proportional transactions costs on
forwards tend to be smaller than those associated with options. Note that our analysis is not
restricted to hedging exchange rate exposure. Given the availability of liquid markets for
financial hedging instruments, our results can be applied to corporate risk management in
general.

Appendix A. Some comparative statics in the model with bankruptcy costs

For notational convenience let Π f= f−B/(1−τ). Assume that Π fN0, so that hedging is
desirable, and that xf b1. Let the default threshold (Sd) be

Sd ¼ −j f þð1−xf Þf
1−xf

:

Given our assumptions, Ṽ exists and is unique, bounded and continuous. Assuming s is iid and
follows a uniform distribution, and after some simplifications, the first-order necessary conditions
can be written as (note that Ṽ is constant when s is iid):

ðaþ sBþ ∼
V Þjf ¼ s̄ð1− sÞ/ð1þ rÞð1−xf Þ2;

and

s ð s̄−f Þð1−xf Þ þjf� � ¼ aþ sBþ ∼
V :
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Totally differentiating the first-order conditions we obtain the derivatives of B and xf, with respect
to α:

dxf
da

¼
− sj f þðaþsBþ ∼

V Þ
sð1−sÞ

s ð s̄−f Þð1−xf Þ þ aþsBþ ∼
V

1−s

h i
ð s̄−f Þ þ 2ð2−sÞ s̄/ð1þ rÞð1−xf Þ

;

and

dB
da

¼ −
1
s
1− s
2− s

−
1− s
2− s

ð s̄−f Þ dxf
da

:

Thus, hedging always decreases with higher bankruptcy costs, whereas debt may decrease or
increase.

Appendix B. Proofs of the main results with tax convexity

Proof of Proposition 2. Here we prove the second part of the proposition. (An algebraic proof of
the first part of the proposition is available upon request.) Given our assumptions, V exists and is
unique, bounded and continuous. Because the net profit function is concave in xf, V is also concave
for any fixed s, and so differentiable almost everywhere (see Stokey, Lucas, & Prescott, 1989).
Define s̃f implicitly as the exchange rate at which Π=0 (note that we are imposing the optimal
corner solution of x0

⁎=0). The first-order necessary and sufficient condition for 0bxf
⁎b1 is

−/ð1þ rÞð1− s1Þ þ ðs1− s2Þ 1
1þ r

Z s̄
f

0
ð f −s VÞHðds V; sÞ ¼ 0: ð11Þ

A unique solution with positive hedging exists so long as:

−/ð1þ rÞð1− s1Þ þ ðs1− s2Þ 1
1þ r

Z c

0
ð f −s VÞHðds V; sÞN0: ð12Þ

When this condition is violated xf
⁎=0. When f−c=0 and (12) holds, the marginal benefit of an

extra unit of forwards ðs1− s2Þ 1
1þ r

Z c

0
ð f −s VÞHðds V; sÞ is invariant with xf, and so the full hedge is optimal. Let

s follow an AR(1) process, with correlation ρ∈ (0,1), and unconditional average μ=E(s′):

s V¼ qsþ ð1−qÞlþ t;

with ῡ being an iid shock with zero mean and support (−μ(1−ρ),( s̄ −μ)(1−ρ)). This implies that
the unconditional support of s is (0,s̄ ). The density function of υ is given by γ(.)N0. The
distribution of s′ conditional on s has support:

SðsÞ ¼ ðqs; qsþ ð1−qÞ s̄ Þ:

The assumption of serially correlated exchange rate and bounded innovations is equivalent to a
model inwhich themean of the exchange rate shifts up or down over time. To characterize the impact
on the optimal hedge of changes in s, let the first-order condition (11) be written as φ(xf, s)=0.
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Because the value function is concave, for an interior optimum the sign of dxf
⁎/ds is given by that of

∂φ/∂s. First, by change of variables:

uðxf ;sÞ ¼ −/ð1þ rÞð1− s1Þ−ðs1− s2Þ 1
1þ r

Z ∼t

−qs− ð1−qÞl
ðð1þ rÞ/þ tÞg tð Þd;

where ν̃= s̃f −ρs− (1−ρ)μ. It is now easy to see that

Au
As

¼ −ðs1−s2Þ 1
1þ r

q
f −c

ð1−x⁎f Þ2
gð∼t Þ:

Therefore, with positive persistence (ρN0):

d x⁎f
d s

z 0; fV c
V 0; fz c

:




B.1. Some additional comparative statics

Aside from when f−c=0, it must be that xf
⁎b1. Thus, let f−c≠0 in the following comparative

statics exercise. Totally differentiating (11), and after some simplifications, we obtain:

dx⁎f
d/

¼ −
1þ r
f − c

ð1−x⁎f Þ
1− s1
s1− s2

þ Hð∼sf ;sÞ
� � ð1−x⁎f Þ2

ð f −cÞhð∼sf ; sÞ
−x⁎f

" #
;

which is negative if fbc, and

dx⁎f
dc

¼ 1−x⁎f
f −c

N 0; f − c N 0
b 0; f − c b 0

:




Appendix C. Discussion of tax issues related to hedging

C.1. Convexity of the US corporate tax schedule

The usual theoretical presentation of the tax hypothesis focuses on strict convexity of the tax
schedule, despite the fact that most firms in the US face a flat corporate income tax. In fact, the
evidence suggests that the US corporate income tax schedule is convex, but Graham and Smith
(1999) estimate that the asymmetric treatment of profits and losses explains much of the
observed convexity. This asymmetric treatment comes from the use of tax loss carry-backs and
carry-forwards. Other features normally associated with the convexity of the tax schedule are: (i)
a small interval of progressive taxation (the lowest tax rate is 15% for corporations with positive
income lower than $50,000, and the highest tax rate is 34% for incomes higher than $100,000);
(ii) the foreign tax credit and general business credit; and (iii) the alternative minimum tax.
Another more subtle form of progressive taxation is the possibility of a firm becoming regulated
if its value grows unexpectedly large (see Smith & Stulz, 1985). Furthermore, Graham and Smith
simulate their model and find that the convexity of the tax schedule can generate significant
savings from hedging to an average firm: a reduction on the volatility of taxable income by 5%
brings about a 5.4% reduction in the expected tax liability. As of August 1997, the carry-back
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period of operating losses was shortened from 3 to 2 years and the carry-forward period extended
from 15 to 20 years (U.S. Master Tax Guide, 1998). These changes in the tax21code were not
considered in Graham and Smith (1999). We suspect that the increase in the carry-forward
period, being too far off in the future, is not as important as the reduction in the carry-back period.
If this is correct these recent changes increased the convexity of the tax schedule. The
quantitative importance of the asymmetric treatment of losses versus gains in the U.S. tax
schedule has been detected also in past tax codes. Altshuler and Auerbach (1990) show, for the
1982 tax code, that the existence of tax loss carry-forwards alone can significantly lower the
marginal income tax rate. Depending on the income range of a particular firm tax loss carry-
backs can reduce the marginal income tax rate by 18%–26%whereas tax loss carry-forwards can
reduce the marginal income tax rate by 41%–48%.

C.2. Reporting of hedging profits

Kramer and Heston (1993, p. 74) discuss when are gains/losses from hedging reported as
ordinary versus capital income. The October 1993 decision by the Supreme Court over Arkansas
Best Corp. vs. Comm'r determines that “hedges of any ‘ordinary’ property or obligation will give
rise to ordinary gains or losses,” as long as the taxpayer is able to identify what is being hedged.
Since we are analyzing transaction exposure, this is certainly possible. The main difference
between capital and income gains/losses is that the capital losses can only be deducted to capital
gains. Otherwise, capital gains are treated as ordinary income when computing taxable income
(see also Kramer, 1997). The IRS defines hedging transactions as those that reduce the risk of
currency fluctuations with respect to ordinary income, written options, and trades that counteract
existing hedging transactions (paragraph 1.1221–2 of the 26 CFR, Chapter 1, 1997 edition).

For practical purposes, we are assuming that the firm uses ‘hedge accounting’ to report these
transactions as opposed to ‘mark-to-market’ accounting. This means that the firm only has to
report any gains or losses from trading in forwards at the time the hedged exposure is recorded,
instead of reporting any changes in value as they occur (see DeMarzo & Duffie, 1995; Moffet &
Skinner, 1995).
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